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Abstract 

Let y4 be a simple unital AT algebra of real rank zero and Inn(A) the group of inner automorphisms of 
A. In the previous paper we have shown that the natural map of the group Inn(A) of approximately inner 
automorphisms into 

Ext{Ki{A),KoiA)) !S)Ext{Ko{A), Ki {A) ) 

is surjective; the kernel of this map includes the subgroup of automorphisms which are homotopic to Inn(j4). 
In this paper we consider the quotient of Inn(j4) by the smaller normal subgroup Alnn(yl) which consists of 
asymptotically inner automorphisms and describe it as 

OrderExt (ifi {A) , Ko {A)) ®Ext{Ko(A), Ki {A) ) , 

where OrdeTExt{Ki{A),Ko{A)) is a kind of extension group which takes into account the fact that Ko{A) 
is an ordered group and has the usual Ext as a quotient. 

1 Introduction 

An automorphism a of a unital C*-algebra A is called inner if there is a unitary u G A such that a{a) — Adu(a) — 
uau* , a Cz A. We denote by Inn(^) the group of inner automorphisms of A, which is a normal subgroup of the 
group Aut(^) of all automorphisms of A. The topology on Aut(A) is determined by the pointwise convergence on 
A. The closure Inn(A) of Inn(yl) in Aut(A) is, by definition, the group of approximately inner automorphisms. 

There are two distinguished normal subgroups of Inn(A) containing Inn(A). One is the group Hlnn(A) of 
automorphisms which are homotopic to lim{A), i.e., a G Hlnn(yl) if and only if there is a continuous map 
a. : [0, l]^Inn(^) such that 

QfQ G Inn(j4), ai = a. 

The other is the group Alnn(^) of asymptotically inner automorphisms, i.e., a G Alnn(A) if and only if there 
is a continuous map a. : [0, l]^Inn(A) and a continuous map u. : [0, 1)^U{A) with U{A) the unitary group of 
A such that 

at = Aduf for t G [0, 1), ai — a. 
It is easy to show that they are indeed normal subgroups and that 

Inn(A) C Alnn(A) C Hlnn(A) C Tnn{A). 

In this paper we describe the quotient 

I^(A)/AInn(A) 

in terms of K-theoretic data when A is a simple unital AT algebra of real rank zero. 

Recall that a unital C*-algebra A is said to be a unital AT algebra if it is expressible as the inductive limit 
of T algebras, i.e., finite direct sums of matrix algebras over C(T), with unital embeddings. Note that a unital 
AT algebra A is stably finite and we denote by Ta the convex set of tracial states of A. 

Let A be a simple unital AT algebra of real rank zero and a G lnn{A). (In this case a G Aut(A) belongs to 
Inn(74) if and only if a, = id on K.^,{A) 0.) The mapping torus of a is the C*-algebra: 

Ma = {xe C[0, 1] ® A; a{x{0)) = a;(l) }. 
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The suspension of A, SA, is identified with the ideal of Ma- 

SA^{xe C[0, 1] ® A; x{0) = = x(l) }. 

^From the short exact sequence: 

— >SA — >M„ — >A — >0, 

one obtains the usual six-term exact sequence in K theory, which, since a G Inn(j4), splits into two short exact 
sequences: 

(A) ~^K^+i (M„ ) -^K,+i (A) 

for i ~ 0, 1, where Ki+i{SA) has been identified with Ki{A). Let ?7i(Q;) denote the class of this sequence in 
Fixt(Ki^i, Ki{A)) and let i] denote the map of Inn(A) into 

®LoExt(X,+i(A),if,(^)) 

defined by a i— > {rio{a),rii(a)), which is a group homomorphism. (By using KK theory and the universal 
coefficient theorem i]{a) is also described as KK{a) ~ KK{\c\).) In the previous paper |ll| we showed that 
7] induces a surjective homomorphism: 

TSI(A)/HInn(A) Ext(ifi(A), i^o(^)) ® Ext(ii'o(^), 

To state our main result of this paper we proceed to describe a natural map Ra of Ki{Ma) into Aff(rA), 
which is the real Banach space of affine continuous functions on the compact tracial state space T4 of A. Note 
that, since we assume that A has real rank zero, is isomorphic to the state space of {Kq{A), [1]). If u G 
is a unitary given as a piecewise smooth function of [0, 1] into A, then Ra{[u\) is defined by 

Rc.{[u]){t) ^ ^J\{u{t)u{t)*)dt 

for r G Ta- The map Ra is a group homomorphism of Ki{A) into A£{Ta) and extends the natural map D of 
Kq{A) into Aff(rA) when Kq{A) is regarded as a subgroup of Ki{Ma)- 
We take the set of pairs (i?, R) where E is an abelian group such that 

Q~^Ko{A) -^E^ i^i(A)— >0 

and i? is a homomorphism: 

R : E — >AE{Ta) 

such that Ro L = D. We can form a group OrderExt(_ft'i(A), XqC^)) from this set in much the same way as 
we do Yjx\:{Ki{A)^Kq{A)) from the set of E alone. From the previous paragraph we can associate fiQ{a) G 
OrderExt(i4ri(A), ifo(A)) with each a G Inn(A) and show that 770 is a homomorphism. Our main result is 

IW(A)/AInn(A) ^ OrderExt(i^i(A), is:o(^)) © Ext(ii:o(^), Ki{A)) 

where the isomorphism is induced by the map a ^ {fiQ{a),r]i{a)) (see Theorem Q). 
In Section 2 we will define OrderExt(i4ri(A), ii'o(^)) and the homomorphism 

f) : bS(A)^OrdcrExt(ii:i(A), Ko{A)) ® F.iit{Ko{A), Ki{A)) 

in details and in Section 3 we will show that 

ker?7 = Alnn(A). 

In Section 4 we will show that fj is surjective; thus proving the main result. 

The authors are indebted to G.A. Elliott for discussions at an early stage of this work. 
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2 OrderExt 

Let ^4 be a simple unital C*-algebra and let T4 be the set of tracial states of A. Let a G lnn{A) and let Ma be 
the mapping torus of a. For a unitary u € such that t u{t) is (piecewise) and for r € Ta, we define 

1 

= / T(u(i)u(t)*)dt. 



27ri _ 

Since T{u{t)u{t)*) = —T{u{t)u{t)*), it follows that t(u) e R. If m, w e are (7^-unitaries, we obtain that 

t{uv) = t{u) + t{v). 
lfh = h* €Ma is C\ then we have for u = e^""'^ 



r{u) = [ T{h{t))dt = T{h{l)) - t(/i(0)) = 0, 
Jo 



where we have used that t o a = t, which follows since a G lim{A). Thus it follows that t{u) is constant on 
each connected component of the C^-unitary group of M„. By taking the matrix algebras over Ma and using 
the density of C-'^-unitaries in the unitary group, we obtain a homomorphism r : Ki{Ma)—>-R by [u] >—>■ t{u) for 
each T e Ta- Since r G Ta^t{u) is afhne and continuous, we thus obtain: 

Lemma 1 For a S Inn(^) there exists a homomorphism 

Ra : K,{Ma)^AS{TA) 

by Ra{[u]){T) = t{u), which will be called the rotation map for a. 

Since a* = id on Ki{A), we have the short exact sequence: 

O^Ko{A) ^ Ki{Ma) ^ Ki{A)^0 

from the short exact sequence of C*-algebras: 

— >SA -^Ma-^ A^Q. 

If p is a projection in A, we have that i*([p]) = [u] where u G Ma is the unitary defined by 

u{t) = e^'^'^p +l-p. 

Thus we obtain: 

Lemma 2 For a G Inn(j4) the following diagram commutes: 

Ko{A) ^ K,{Ma} 

d\ y Rcc 

AS{Ta) 

where D is the homomorphism of -fl'o(^) into Aff(T4) defined by D{\p]){t) = t{p), which will be called the 
dimension map for A. 

Let Gi = Ki{A). If 

— >Go Gi — ^0 

is exact, we denote this short exact sequence by E, the same symbol at the middle. Let i? be a homomorphism 
of E into Aff (Ta) such that Ro t = D. We consider the set of all pairs {E, R), which we call orderextensions 
for (Gi,Go). 
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If (E' , R') is another orderextension, we say that (i?, R) and {E' , R') are isomorphic with each other if there 
is an isomorphism ip oi E into E' such that R = R' o ip and 

— > Go ^ E Gi — ^0 

II , , II 

— > Go ^ E' X Gi — ^ 

is commutative. Note that if {E,R) and {E',R') are isomorphic, E and E' are isomorphic as extensions. We 
define an addition for such pairs by extending that for extensions as follows. If {E,R) and {E',R') are given, 
define 

E" = {{x,y)&E(BE'\q{x)=q'{y)}/{{iia),-L'{a))\aeGo} 
i" : Go^E" 

a^[{L{a),0)] 
q" : E"^Gi 

[ix,y)] H^. q{x) 
R" : E" — >Aff(T^) 

[{x,y)]^R{x)+R'{y). 

It is easy to show that these objects are well-defined, 

O^Go E" -C Gi^O 

is exact, and R" o l" = D. The sum of {E, R) and (£", R') is defined to be {E", R"). Again it is easy to show 
that the isomorphism classes of those orderextcnsions form an abcUan semigroup. Then the identity element 
for this semigroup is given by the isomorphism class [(i?o, -Ro)] of the trivial orderextension [Eq, Rq) given by: 

-Bo = Gq © Gi 
to '■ Go — >Eo 

a I — >■ (a, 0) 
g'o : Eo — >Gi 
(a, b) b 
Ro : £;o^Aff(T4) 
(a, 6) D{a). 

The inverse of [{E,R)] is given by [{E',R')] where 

E' = E 
l' = -t 

d = q 
R' = -R. 

Thus the semigroup is a group, which we denote by 

OrderExt(Gi,Go). 

Note that OrderExt(Gi, Go) depends also on the dimension map D : Gq— >Aff(TA). 
Lemma 3 The map 

fjo : — >OrderExt{Ki{A),Ko{A)) 
a^[{K,{M^),R^)] 

is a homomorphism. 
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Proof. By Lemma || 770 is well-defined. 

Let a,/3e IimiA) and {E, R) be the sum of {Ki{Ma),Ra) and (KiiMp), Rp). We have to show that [E, R) 
is isomorphic to {Ki{Maf3), Ra/s)- 

Let g G Ki{Ma) and h e iiri(Af^) such that q{g) = <z(/i). Let v G M„ (g) Ma and G M„ (X> be unitaries 
such that [v] = g, [w] = h, and v{0) — w{0). Then we define a unitary u G M„ (g) Map by 

. . _ J v{2t) 0<t<l/2 
\ a(w(2t-l)) 1/2<<<1 

Then [u] G iiri(MQ,/3) depends only on [v] and [w]. Thus we have a map ip of 

{ig,h) G © KiiMp) I = qih)} 

to Ki{Maf))- It is easy to show that (/3 is a surjective homomorphism and the kernel of equals {(t(a), — t(a)) | a G 
iiro(yi)}. Hence ip induces an isomorphism : E^Ki{Map)- Since 

i?a(M) -i?a(H)+-R/3(M) 

for the above u, {E,R) is isomorphic to {Ki{Ma/3), Rap)- 

Lemma 4 // (E, R) is an orderextension for (Gi, Gq) anrf Range i? = Range D, then 

t.lkciD g.|kcr_R 

— >keriJ — > ker it — > Gi — >0 

is exact. 

Proof. It is obvious that the above sequence is well-defined, the compositions of two consecutive maps vanish, 
and it is exact at kerD. Let g G keri? with q^,{g) — 0. Then there is a 5' G Go such that L^,{g') — g. But, since 
D{g') = R{g) = 0, we have that g' G kerD, which implies that it is exact at keri?. Let 5 G Gi. Then there is 
a. g' E E with (7* (5') = g and there must be a g" G Go such that D{g") = R{g'). Since g*(5' — L*{g")) = g and 
R{g' — t*(g")) = 0, we have that g G Range(q»| keri?). 

Proposition 5 If(E,R) is an orderextension for (Gi,Go), the following conditions are equivalent: 

1. [{E,R)]=Q, 

2. (a) Q-^G^^E^Gi-^Q is trivial, 
(h) Range i? = Range £>, 

(c) 0^kerZ?^kcr_R^Gi— >0 is trivial, 

3. O^kerZ?— >keri?^Gi^O is exact and trivial. 

Proof. If {Eq,Ro) is the trivial orderextension, it satisfies (2). Any orderextension isomorphic to {Eo,Rq) also 
satisfies (2). Thus (1) implies (2). 

Suppose that {E, R) satisfies (2). Note that the sequence in (c) is exact by ^j. By (c) there is a homomorphism 
v of Gi into keri? such that q o — id. Hence E = i(Go) © i^iGi) and R is given by 

i{Go)®HGi) ^ AS{Ta) 
a + b D{a). 

Thus {E,R) is isomorphic to the trivial orderextension, i.e., (2) implies (1). 

It follows from 11 that (2) inplies (3). The converse also follows from the arguments in the previous paragraph. 



Remark 6 By the Thom isomorphism g, Ki{Ma) is isomorphic to Ki^i{A Z) as abelian groups. By 
extending t G Ta to a tracial state of A Xq, Z and defining a natural map Da '■ Ko{A Xq, Z)-^Aff (Ta), it follows 
that {Ki{Ma),Ra) is isomorphic to [KoiA Xa Z),Da) §. See also ||, |l2[ 0. 
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3 Asymptotically inner automorphisms 



From now on we will assume that the C*-algebra A is a simple unital AT algebra of real rank zero. In this case 
by Elliott's result Q A is determined by {Kq{A), [1], Ki{A)) up to isomorphism, where Kq{A) is a dimension 
group, Ki{A) is a torsion-free abelian group, and [1] £ Ko{A)^. Note that the tracial state space Ta of A is 
identified with the compact convex set of order-preserving homomorphisms / : A'o(A)^R with /([I]) = 1. 

Let a € Inn(A). We recall that a is asymptotically inner if there exists a continuous map v : [0, 1)^U{A) 
such that 

a(a) = lim Advt(a), a € A. 

We denote by Alnn(^) the group of asymptotically inner automorphisms of A. We also recall that f] is the 
homomorphism of Inn(A) into 

OrderExt(i^i(A), is:o(^)) © Ext(ifo(A), Kx{A)) 

defined by a i— > 770 («) © ^yil"^)- 

Before stating the main theorem of this section, let us recall the notion of Bott element for pairs of almost 
commuting unitaries in a unital C*-algebra A |ll]: Given u,v & f^(^) with [u, v\ =uv — vu~ 0, we associate 
B{u,v) G Kq{A), which is the equivalence class of a projection close to the image of the Bott projection in 
M2 ©C(T^) under the quasi-homomorphism from M2 (8>C(T^) into M2®A mapping the two canonical unitaries 
of C(T^) into u, V respectively. If A — Mn, this can also be given by 

B{u,v) = ^Tiilog vuv*u*) e Z = ifo(M„), 

ZTTt 

where log is the logarithm with values in {z;Im(z) e (— 7r,7r)}. (That B{u,v) is an integer follows from the 
fact that the determinant of vuv*u* is 1.) We note that B{u, v) is invariant under homotopy of pairs of almost 
commuting unitaries and that B{u, v) — —B{u*, v) = —B{v, w), B{u, V1V2) = B{u, vi) + B{u, V2). We quote Q| 
for another characterization of the Bott element, which is used to prove the following result we will need later: 
If A is a simple unital AT algebra of real rank zero and u,w G U{A) satisfy that [u,v\ « 0, B{u,v) — 0, Sp(w) 
is almost dense in T, and [u] ~ 0, then there is a path u^, t e [0, 1] in U{A) such that [wf, v\ « 0, uq — 1, and 
Ui = u. 

Theorem 1 Let A he a simple unital AT algebra of real rank zero and let a G Inn(^). Then the following 
conditions are equivalent: 

1. fi{a) = 0, 

2. a e AInn(74) . 
Proof of (2) (1) 

Since 77 is homotopy invariant, 77(a) — (770(a), 771 (a)) = in Ext(ifi(A), Xo(A)) ®'Eyii{KQ{A), Ki{A)). 
We may suppose that we have a piecewise map v of [0, 1) into U{A) such that 

a(a) — lim Ad7;((a), a G A. 
Let u eU {A). We define a unitary u G ® M2 by composing the following paths: 

io,ii^.»«.(; »)«,-■(;; ;)«,(; °)«.- 

and 

[0,l)3t-(^7** \ ) 

with 
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where 

r, _ ( cos — sin \ 
* ^ sin ft cos ft ) ■ 

Then it foUows that T{u{t)u{t)*) = for r G Ta- In particular i?Q,([-u]) = 0. Since = [u], the map 

[u] t— > [tt] defines a homomorphism ip of Ki{A) into ker i?Q, such that o tp ^ id. This implies that 

— > ker D — > ker — >Ki{A) — >0 

is exact and trivial, and thus concludes the proof by |^. 

The rest of this section will be devoted to the proof of (1)^(2). 

Let {An} be an increasing sequence of T subalgebras of A such that Ai 3 1 and A = U^]^A„. We express 
An as 

An=(D■ZlBn,^®C{T) 

where Bn,i is isomorphic to the full matrix algebra M[„ jj. By identifying Ki{A) with Z'^" in a natural way we 
obtain a homomorphism Ki{An) into Ki(An+i) as the multiplication of a matrix Xn- We always assume that 
Xnihj) is big and \x.nih j)\/Xn{h j) is small compared with 1 and that the embedding of An into An+i is in a 
standard form, i.e., _B„ — (BiZiBni C i?n+i and the canonical unitary z„ of 1 ® C{T) C An in Bn+i C\B'n ® C'(T) 
is a direct sum of elements of the form: 

/ z^+i \ 

1 • 

V 10/ 

with L = ±1; e.g., if Xnihj) > Oi ZnPn+nPnj is a direct sum of xliihj) matrices of the above form with L ~ 1 

in Bn+l nB'n® C{T)pn+v,Pnj = M^OJ^J) ® C(T) § 

For each n = 1, 2, ... let 

M„,„ = {xe C[0, 1] A I x(0) e A„, a(a;(0)) = a;(l)}. 

Then we obtain the exact sequence of C*-algebras: 

— >SA Ma,„ An — >0 

from which follow the exact sequences of abelian groups: 

O^K,{A)--'K,+iiM^^n)~^K,+i{An)^0. 

Since Ki{An) = Z*^", the above extensions are all trivial. 

Let R = Ra and i?„ = Ro jn* : ifi(Mc_„)^Aff (Ta), where j„ is the embedding of Ma,n into M^. Since 
Range!? = Range i?„, we obtain by ^ that 

— ^kcrD ^ keri?„ ^ i^i(A„) — >0 

is exact. Note that the inductive limit of these extensions is naturally isomorphic to the exact sequence: 

0^ ker ker R^Ki (A)^0. 

We shall specify a homomorphism ipn of Ki{An) into ker_R„ such that 

q-n* o = id. 

Since a G Inn(y4), we have a u„ G t^(^) for each n such that 

a\Bn = kAUn\Bn, 

a{zn) ~ Adu„(z„), 
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where i?„ = (B^ZiBni C An and z„ is the canonical unitary of C(T) C An- Define 

hni = ■;^log a{Zni)AdUn{Zni)* 

where Zni = ZnPni + 1 — Pni with pni the identity of Bni and hni = hni defined uniquely as \\h„i\\ « since 
a{zni)Adun{z*j^) « 1. Define C„i S U{Ma^n ^ Af2) by composing two paths of unitaries: 

[0, i]3t^ Rt{u*n e i)i?r'K ® i)(z™ e i)« ® i)i?t(u„ © 

and 

[0, l]3t^ e2"*''-Adu„(z„,) ® 1. 

Then we have that 

QniCni) ^ni © 1) 

where hni G Aff(T^) is defined by 

hniir) = T{hni), T £ Ta . 

Since the above procedure applies to a unitary ZnP + 1 — p with p a minimal projection in i?„, it follows that 
[(ni] G Ki{Ma,n) is divisible by [n, i]. Thus one obtains a homomorphism tpn of -ftri(A„) into iiri(MQ_„) with 
qn* o = id by setting 

Lemma 2 Range I? is dense in Aff(r4). 

Proof. Since ^ is a simple unital AT algebra of real rank zero, it is approximately divisible |^. Thus this is 
3.14(a) of (A unital C*-algebra is approximately divisible if it has a central sequence {Bn} of unital C'*- 
subalgebras with En — M2© Afs Since A is obtained as the inductive limit of {An} of T algebras with unital 
embeddings and the embeddings need to satisfy only the K-theoretic conditions and the condition of real rank 
zero thanks to Elliott's result 0, we can easily arrange the inductive system so that An+i riA'^ D M2 ©M3, 
which implies that A is approximately divisible.) 

Let 

Sn = mininf{T(p„i); r G Ta}, 

i 

where Pni is the identity of Bni- Since A is simple, Sn is strictly positive. We choose the unitary u„ e ^ so that 
\\hni\\ < Sn- Since Range i?„ = RangeD, we have, for any e > with \\hni\\ + e < Sn, projections p± ^ A such 
that 

j^hm - D{p+)~D{p.), 

[n, i\ 

\\D{p±)\\ < j^{\\hm\\+e), 
[n, i\ 

where D is also regarded as a map of the projections into Aff(TA). (First we approximate hni+/[n, i] by D(p+) 
withp+ a projection such that Z3(p+) — /i„i+/[n, i] > (or strictly positive), where hni+ is the positive part oihni- 
We should note that ||/i„i4./[7i, i] || < ||/i„i||/[n, i] and find a projection p_ such that D(p_) — D{p+) — hni/[n,i\ « 
hni- /[n,i].) Since D{p±) < Sn/[n,i] < D{pni)/[n,i], we find projections ei± € PniApni H such that 

hni = D{ei+) - D[ei-), 
\\D{e^±)\\ < \\h„4+£- 
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Thus, by making \\hni\\ small, we can make ||-D(ei±)|| arbitrarily small. Then, by using Lemma ^ below, we can 
find a unitary Wni G PniApni n B'^^ such that 

^ni — ^niPni ^" 1 Pni , 

Ad « Zni, (in the order of 

where ^ 

kni = 7r~ log Adw„i(z„i)z*j. 

Let Wn = WnlWn2 ' ' ' Wnk„- NotC that 

Q!(z„i)Adu„w„(z*i) = Q;(z„i)Adu„(z*j)Adu„(z„iAdw„(z*J) 
= e2^»'»."Adu„(e-2"'='")- 

Then composing the two paths: 

[0,1] Adu„(e-2^**'="') 

and 

[0, 1] 9 < ^ e2'^"'*'"Adu„(e-2"'='") 
multiplied with Adu„Wn{z„i) to the right, we obtain a path U from Ad w„i(;„(2;„i) to a{zni) such that 

1 



T 



{U{t)U{t)*)dt = 0, t£Ta. 



Since t/ is in a small neighbourhood of a(z„i) « Adu„w„(z„,j), it follows that the unitary obtained from z„j 
in the same way as before with UnWn in place of u„ satisfies 

i?„([Cm]) =0. 

Thus we have shown: 

Lemma 3 Suppose that 770(0;) = 0. Then for any n and e G (0, 1) there exists a unitary Un G A such that 

a\Bn = Adu„|i?„, 

\\a{Zni) - ZniW < e, 

hjii — 0, 

where ^ 

hni = 7r~log a(z„i)Adu„(z*j). 
Hence defining a unitary C„,; G Ma^n ® M2 by composing the two paths: 

[0,1] 3t^ Rt{ul®l)Rt^{Ad 

and 

[0,1] 9t^e2"**''-Adu„(z„,)®l, 
where Rt is defined as before, one can define a homomorphism ipn of Ki{An) into keri?„ by ip{[zni]) — [Cm], i = 
1 , . . . , kji • 

Lemma 4 If e £ PniApni H B'^^ is a projection such that ||D(e)|| is sufficiently small, then for any e > there 
exists a unitary w± G PniApni H -B^j such that 

||Adw±(z„,) - z™|| < 27r||L>(e)|| + e, 
[w±] = 0, 

B(w±,z„j) = ±[e]. 
In particular if k± = log Ad ZniW±{z^^), it follows that k± = ±D(e). 
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Proof. To simplify the notation we may suppose that Pni-AniPni H -B,^j to be A and Zni to be the canonical 
unitary zi e Ai ^ C'(T). 

Since the projection e plays a role only through [e], we may suppose that e e Am for some to > 1. We will 
later assume that to is sufficiently large. S are in the standard form, ziPmj in Bmj ® C{T) 

looks like a direct sum of elements of the form: 



where Ls = ±1, Ms 3> 1 and 



/ 
1 



1 / 



Xml(i:l): 



Note that -D(e) takes values in the convex hull of 

dim(ep„ij) 
[to, j] 



, J = 1, . 



h 



which are all assumed to be much less than 1. Let tm be the maximum of these km values. Then tm decreases 
as m—>-oo and the limit of tm equals r(e) for some r G Ta (or ||Z?(e)||). Thus if to is sufficiently large, we may 
assume that tm < \\D{e)\\ + e/Air. We can obtain the required unitary Wj in Bmj "S) C{T) as the direct sum of 
elements of the form: 

/ 1 \ 



where w = e~^'^*^=/*^= and the integers Ns are chosen so that 

'^Ns = dim(epmj), 
diin{epmj) 



Note that by defining 



kj = 7r~log ZiPmjAdWj{zlpmj), 



the Bott element B{wj, ziPmj) G KQ{AmPmj) ~ Z for the almost commuting pair Wj^zipmj of unitaries in 
AmPmj = Bmj ® C (T) is cqual to 

Tr(A:,) = Tr(©,^l,) = J2^^^ dim{epmj), 
where kj G Bmj ® C{T) should be evaluated at some (or any) point of T (sec |ll|, ^). This shows that 

B{Wj,ZiPm,) = [epmj], 

and in particular that kj = D{epmj)- 

If m is sufficiently large or all Ms are sufficiently large, we can assume that 

^<\\D{e)\\+e/2n. 
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Thus we obtain the norm estimate 

\\AdWj(zip,nj) ~ ziPmjW < 27r|lD(e)|| + e. 

By taking ?«+ — wi + W2 + - ■ ■ + Wfc„ , this completes the proof for w-j- . For w- we just replace uj in the definition 
of lOj by cJ = e2'^*^='/*^=. 

By defining (p^ ■ -ft^i(^n)^keri?„ as above, we identify keri?„ with kerD © Ki{An). We now have to 
translate the natural map ker i?„-^ ker i?„+i into the map ipn ■ kerl? Ki{An)-^\iei D © Ki{An+i): 

kciD kciD © Ki{A„) Ki{An) 

II II Ixi Ixi 

^ kciL* kciD © Ki{An+i) Ki{An+i) 

where we have used that -ipn must be of the form ipnia, b) = (a + ipnib), Xni^))- 
Lemma 5 If Un is a unitary in A and e G (0, 1) such that 

a\Bn = AdUn\Bn, 

||a(z„) - Adu„(z„)|| < e, 

then for any m < n and j = 1, . . . , k^, 

\\ct{zmj) - Ad-u„(z„y)|| < e, (*) 

kmj = 0, 



where 



Proof. By the assumption on the embedding of Am into A„, (*) follows immediately. Since the homomorphism 
ifn '■ kcr i?„ can be defined on [zmj] in the canonical way and Rn^n{[zmj]) = hmj, (**) also follows 

immediately. 

Lemma 6 The homomorphism ipn '■ Ki(An)—>keTD is given by 

where [zni] ~ [n,i]ei with {ei)i the canonical basis for Zi'^" = Ki{An) and B{u*^_^^iUn, Zni) is divisible by [n,i]. 
Proof. First of all we shall show that D{B{u^^iUn, Zni)) = 0. Because if we define self-adjoint hi ^ A hy 

hi = log Q;(2„i)Adu„+i(z*j), 

ZTTl 

h2 = log Q;(z„i)Adu„(z*j), 

ZTTl 

hs = T^^log z™Ad«+iU„)(z*,), 

then h2 — and hi = by |^ and hence h^ — since 

Adun+iie^'''''') = e-2"''ie2"''^ 
(One way of proving that h^ — is to take a closed path w of unitaries: 

e-^-^^tf^^ 0<t<l/3 

W{t) = { g-27rj/iig27ri(3t-l)h2 1/3 < i < 2/3 

e-2"'»ie2"''2AdM„+i(e2'^*(3*-2)'^3) 2/3 < t < 1 
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= 0. 

[m,j\ 



in a neighbourhood of 1, and compute for any r G Ta, = l/27ri T{w{t)w{t)*)dt = — T(ft,i) + r(/i2) — r(/i3).) 
We may suppose that it*_|_]^u„ S H for some m > n. In this case B{u'^^iUn, Zni) in isro(v4„i) is defined 

by 

where h^Pmj S Bmj ® C(T) is evahiated at a point of T and — means that for any t £ Ta, 

/ sTri3„^.(/l3Pmj) 

z^^(p™^) — w;r7} — 

j 

Define a path Vnt, t G [0, 1] of unitaries in yl ® M2 by 

Vnt =i?t«®l)i?r^K©l)- 

Then to compute 7/;"([z„i]) we have to calculate 

i'nii^ni]) = ^ni[Zni]) " 'Pn+l([2„i]) = [< Adi;„,f(z„i)] - [i Ad t)„+i,t (z„i)] {*) 

in _ftri(MQ,^„+i) where z„i is identified with Zni ® 1 (see 2.8 of for a similar computation). More precisely 
we have to add a short path from Adu„(z„i) (resp. Adu„+i(z„i)) to a{zni) to the path 1 > Adw„^t(z„i) (resp. 
t (— > Adw„-(-i_t(z„i)) to get a unitary in Ma,n+i ® M2 and we always understand the formulae in this way. Note 
that (*) is equal to 

[t 1-^ AdVn,t{Zni)MVn+l.t{z*i)] 

in Ki{SA) C Ki{Ma^n+i) or, by applying t Adw*_|_]^ j, which induces the identity map on Ki{SA), to 
Since 

<+i^ti'„,t = «+i © i)i?tK+i< ® i)i?r'K ® 1), 

the above element is equal to the class of 

1 1-^ (u„4.iz*,u*+i © l)i?t(u„+iu* e l)i?t~^(M„z„iM* © l)i?t(M„u*+i © l)^r^ 
by applying Ad(u„+iz*j © 1). Again this is equal to the class of 

t ^ (u*U„+iZ*jU*_^;^U„ © l)i?t(u*M„+i © l)i?j"^(z„i © l)i?t(M*_^iU„ © 

by applying 1 1— > Ad(u* © u* ). More precisely we have to add a short path to connect the value at i = 1 

to 1. Since e H by the assumption, the path can be taken in Am- The above element in 

Ki{SAjn) — Ko{Am) is equal to 

-^Trs^^. \0g{ulUn+lZ^,U*^+lUnZmPmj) 



1 

^27ri 



Note also that since the non-trivial part of 2„i(it*^]^u„)z*j(u*_|.]^M„)* belongs to pniAmPni^B'^j^, each component 
of Ba^ (u*^]^u„, Zni) is divisible by [n, i]. Then we obtain that 



V'n([^ni]) — -^{^n+l^n, Z^i) , i — 1, . . . , /c^ 

is a well-defined homomorphism of Ki{An) into kerl? C Ko{A). 
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Lemma 7 Suppose that 770(0;) = 0. Then there exist unitaries Un G A such that 

a\Bn = AdUn\Bn, 

\\a{Zm) - AdUn{Zrn)\\ < 2"", m < n, 
^{^n+l^nj ^ni) — 0, i = 1, . . . , fc„, 
hrfii 0; i ■ ■ ■ ; 

where ^ 

ZTTl 

Proof. By the assumption and Proposition ^ the sequence of trivial extensions: 

— > kerL> — > kerL> © Ki{An) ^ A"i(A„) — > 

II II ixi ixi 

— > kerL* — > kerZ? © ifi(A„+i) i^i(A„+i) — > 

II II / i i 

defines the trivial extension in Ext(i4ri(A), ker_D). Hence we have a homomorphism h}^ : Ki{An)^\x.^ D for 
each n such that 

(To see this we denote by E the inductive limit of the middle terms, and by a homomorphism of Ki{A) into 
E such that qip = id. If ^„ denotes the natural homomorphism of Ki{An) into kerZ? © Ki{An) composed with 
kerZ? © Ki{An)^E, tp'^ is given by ?/;° = ^„ — Cn+iXn- We set = — V'n where ipn is the homomorphism 
Ki{An)-^Ki{A) composed with Lp : Ki{A)~^E. Then it follows that 

where we have used that (pn — (pn+iXn-) 

Since /i°(e") S kerD, where {ef)^!!^ is the canonical basis for Z'^" = Ki{An), we can find projections 
e"j. G PniApni n -B^j such that 

Kz]/i«(er) = [er+]-[er_] 

and ||-D(ey_)|| is arbitrarily small. (We find a positive g G -ftro(A) with [|£>(5)|| sufficiently small and then find 
projections e"j_ such that [e"^] = [n,i]{g + /i°(e")) and [e"_] — [n,i]g.) Then by Lemma ^ we find a unitary 
Wn £ An B'^ such that 

[Wn] = 0, 

i?(m„,z„,) = -[er+] + K-] = -[n,^K{e^) 
and II [wn, z„i]|| is arbitrarily small for i = 1, . . . , A:„. Since 

-B«+i,2;„,0 = ^B(u;,*+ip„+ij,2;„ip„+ij) 

= '^xlij,i)[n,{\B{w*^^^,Zn+i,j)/[n + l,j] 
J 

j 

= [nAhl+,xl{el). 

we have that 

B(w*+iii*+iw„w„,z„j) = 0. 

Since D{B{wn, Zni)) = 0, we have that ki — for ki — l/27rilog 2;„iAd z«„(z*j), and hence that hi — Q for 
/li = l/27rilog a(z„i)Ad M„w„(z*j). Thus by replacing it„ by w„w„, we have the conclusion. 



13 



Note that the exact sequence 

O^Ki(A)^Ko{M^)—>Ko{A)~^0 

is obtained as the inductive hmit of 

K,{A) ^ Ko{M^,n) KoiAr,) 

II i V-™ i xl 

K,{A) ^ i^o(M«.„+i) ^o(aI+i) ■ 

II i i 

By defining a homomorphism : Ko{An)—^Ko{Ma.n) just as in Lemma m we identify Ko{Ma,n) with Ki{A)(S 
Ko{An) and find a homomorphism t/;^ : Ko{An)—>Ki{A) as in the following diagram: 

Ki{A) ifi(A) © KoiAn) KoiAn) ^ 

II w y I xz I xz 

Ki{A) ifi(A) © KaiA^+i) KoiA^+i) 

II II / i i 

Lemma 8 The homomorphism : K(){An)-^Ki{A) is given by 

[Plli] 1^ [u*+iu„p„i] 

where [pni] = [n,i]ei with (e^) the canonical basis for Z'^" — Ko{An) and [u'^_^iUnPni] divisible by [n,i]. 
Proof. As in the proof of Lemma ^ we have to decide 

[t h-^ AdVn,t{P7u)] - AdVn+l^tiPni)] (*) 

in iiro(MQ,„+i), where Pni denotes ©0 in A®M2. (Note that Adu„(p„i) = a{pm) and AdM„+i(p„i) = p„i.) 
Note that the identification of Ki{A) with Ko{SA) is done in such a way that [w„] corresponds to 

[i ^ Adw„,t(l©0)] - [(1©0)] 

(§ 8.2.2). Since 

[t ^ AdVnAPm)] ^[t^ Adw„,t(l ©0)] -[t^ Adw„,t(l -p„,)], 

(*) equals 

[t i-> Adi;„,t(l ©0)] - [t i-> Ad(w„,f(l -j3„,) + w„+i,fP„,)(lffiO)] 
where we have used the fact that 

t 1-^ Vn,t{{i - Pni) © (1 - a(Pm)) + Vn+l.t{Pni ® a(Pm)) 

is a path of unitaries from 1 © 1 to 

(U„(l - Pni) + Un+lPni) © «(1 " "(Pm)) + U*+ia(p„i))- 



Lemma 9 Suppose that f){a) = 0. T/ien there is a unitary u„ (z A for each n such that 

a\Bn = Adu„|B„, 

||a(zm) - Adu„(z„)|| < 2"", m < n, 

B{Uj^j^lUn, Zni) — 0, 
[^n+l^nPni] = 0, 
hr,.i = 



for i = I, . . . ,kn, where 
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Proof. Comparing with Lemma |7|, the newly appeared conditions are only 

We will find a unitary Wn G AriB',^ such that [wn, Zn] = and the above conditions are satisfied by replacing all 
Un by UnWn- With the condition [wn+i, Zn+i] = 0, it follows that [wn+i, z„] = and that the other conditions 
are preserved. 

From the assumption that 

O^Ki{A)^Ko{M^)^Ko{A)^0 
is trivial, we have a honiomorphism hj^ : Ko{An)^Ki(A) for each n such that 

We only have to find a unitary i/7„ £ An B'^ such that [wn , Zn] = and 

[wnPni] = -[n, i]hl^{ei), z = 1, . . . , A:„. 
Since ZnPni in PniAmPni H B'^^ for m > ?T. is a direct sum of elements of the form 

/ Z^+lPni \ 

1 • 

V 10/ 

with L = ±1, this follows immediately. 

Proof of (1)^(2) of Theorem 3.1. 

Under the assumption (1) we have found a sequence {u„} of unitaries as in the previous lemma. Now 
we apply the homotopy lemma to the pair u*^^iUnPni, ZnPni of unitaries in PniApni H -B^j (jj] 8.1): From the 
conditions 

B[Uj^j^lUn, Zni) — 0, 
[<+lMnPni] = 

calculated in PniApni n B'^^, which follow since K^{pniApni n B'^^)^K^:{pniApni)^K^:{A) are injective, and the 
condition || [u*_,_]^u„, z„] ||^0 as n— >oo, we obtain a continuous path Vni.t of unitaries in PniApni H B'^^ such that 

* 

and 

max ||[i;„i^t, z„i]|| — >0 as n—>-oo. 
Let Vnt ~ X^i ''^ni,t, and define a continuous path vt of unitaries for t £ [I, oo) by 

Vi = Ui, 
Vn+t = UnVn^t, < t < 1 

for n = 1, 2, . . . . Then since 

max ||[w„,t, Zm]|| — >0 as n^oo, 

we obtain that for any to, 

lim Advt{zm) = a{zm). 

t — >co 

We also have that for f > m and a £ Bm 

Adi;t(a) = a{a). 

Thus it follows that for any x £ A 

lim Advt{x) = a(x). 

t — *oo 

This completes the proof. 



15 



4 Main Theorem 

Proposition 1 If ip e Hom(ifi(A), Aff (T^)), there exists an automorphism a € Inn(j4) such thatr]{a) is trivial 
and the rotation map Ra ■ Ki{Ma)^AB{TA) is given by 

Ra{a,b) = D{a)+>fi{b) 

for some identification of Ki{Ma) with -K'o(^) ®Ki{A). 

To prove this we first prepare: 

Lemma 2 If (p e. 'H.om{Ki{A),AS{TA)), there exists an inductive system 

whose limit is isomorphic to Ki{A) for i = 0, 1 and homomorphisms hn ■ Z*^"— >Z'^"+^ such that 

1^ o xlo,n-i{er') - D o xlo,n o h^-i{er')\ < 2-+X-iD o x'L,n-i{e]-'), 
\hn-i o xl-2ie]-') - xl-i o /i„-2(er')l < 2-"+X-2Xn,n-2(er')' 
|X°(i,i)|>2"+ima^(|xJ,(i,j)|,l), 

w/iere that \x\ < y for x,y G Z'^" means that \xi\ < y^ for all i, (e")j is the canonical basis for Z'^" , 

In = max{[n, j] | j = 1, . . . , A:„}, 

and {[n,j])j G Z*^" corresponds to [1] G Ko{A). 

Proof. Suppose that we are given inductive systems 

such that the hmit is isomorphic to Ki{A) for i = 0, 1, and Xmihj) ^ 2"+^ max(|x^(i, 1). By passing to a 
subsequence we construct the homomorphisms /i„ with the required properties. 

Suppose that we have constructed hi, . . . ,h„-i and fixed Z*^^, . . . , Z'^". Then we compute £„ and find 
^ : Z'^'^-^KoiA) such that 

This is obviously possible by the density of Range D and 

inf ^X°oo,n(e;0(T) > 0. 

Then we find an m > n such that Ranged C Range rn^ V • T^^^T^ such that 



1^ Aoo,m 

is commutative. Note 

< \Dx^mVxLiie]-') - Vxl.n-iier')\ + Iv^xln-de]-') - Dxl,nhn-i{e]-')\ 

fen 

< 2--£-'Y2Dx'^n{e?)\xi-i{iJ)\+2--+X\Dxln-i{er') 

i 

< (2-"C' + 2-"+^C-i)^X^n-i(er') 
<2-"+Xli^X°oo„-i(er')- 
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Thus by choosing a sufRciently large £ > to it follows that 

IxL^xLi(er') -X°n/i«-i(er')l < 2-"+XT-iX°«-i(er')- 
By taking Z'"'^ for z'^"+^ and Xtm,''! ^^r hn, this completes the proof. 



Proof of Proposition 4-1 

By the previous lemma we have the following diagram: 



2«" ^ 2'="+! — > 2*^"+^ — * ••• — > Ko{A) 
with the specified properties. Accordingly we construct an increasing sequence {An} of T algebras such that 



An - 
Bn = 



Bn ® C{T) 

®i=lBni^ 



Bni — M\ 



and the embeddings of An into An+i are in the standard form. By Elliott's theory we identify U^]^^„ with 
A. 

Define : A'i(A„)->Xo(A.+2) by 

i'n = hn+ixi- Xl+lhn- 

By the properties specified in Lemma ^ we have that 

Then by Lemma ^ (and its proof) we find a unitary Wnj G H such that 

j — '^nj Pnj H~ 1 ~ Pnj t 

||Adw„j(z„j) - z„j|| < 37r2""+\ 



B{wnj,Znj) = -[n,j]i/'"(e"). 



(Because Znj in Bn+2.i ® C'(T) is a direct sum of elements of the form as in the proof of Lemma Q such that the 
matrix sizes Ms are at least 2^"; hence the error introduced by choosing Ns in that proof will be of the order 
2~^".) If Wn denotes w„iw„2 • • • Wnk„, then we have that 

Wn e Bn+2 n 

||Ad«;„(z„)-z„|| <3^2-"+i, 

B{Wn,Znj) -[n,j]tpn{e]), 
[WnPnj] = 0. 

We define the following two automorphisms /3o, Pi of A by 

/3o = lim Ad{w2W4 ■ ■ ■ W2n), 

n — >oc 

Pi = lim Ad(wiW3 • • • W2n-i)- 

n — 'oo 

To show the limits exist, note that [wm, Wn] = if |to — n| > 2 and the limits obviously exist on U^]^i?„. Since 
Ad(w„w„_|_2 • ■ • Wn+2k){zn) in An+2k+2 IS 8. direct sum of elements of the form 



/ 
1 



-'n+2k+2 



/ 
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with L = ±1, we have that 

||Ad(ti;„ • ■ ■ Wn+2kWn+2k+2)iZn) - Ad{w„ ■ ■ • t«„+2fe) (^n ) 1 1 < 37r2~'^"+^''+^^ 

Then it also follows that the limits exist on zi, Z2, . . .. Since the same reasoning applies to the inverses, we have 
shown that Po^Pi exist as automorphisms. 

Now we shall show that the product fioPi satisfies the required properties. 

By 2.4 the extension 771 (/3i) 

0—^Ki{A)^Ko{Mfj^)^Ko{A)^0 
is trivial for i = 0, 1 and the extension 770 (A) 

O^Ko{A)^K,{Mp^)^K,{A)^0 

is given as the inductive limit of 



- 

















i 




i 




- 






© Z'="+^ - 









i 


i 


/ i 


i 





with n = j (mod 2). Hence ?7i(/3o/3i) = ViiM + ?7i(/3i) = 0- We will compute r]o{f3o) + ?7o(/3i) below. 
Define 

E = {{x, v) e Xi(M0o) © Ki{Mp,) I = g(2/)}/{(a, -a) \ a £ i^o(A)}. 
If 5 G Ki{A) is the image of X2n+i e Z'=^"+\ define ??„ : Range xL2«+i-^^i(^/3o) ® Ki{Mp,) by 

'7n(g) = (/i2«+i(a:2n+i),a:;2n+2) © (0,a;2„+i), 
where the right hand side should be regarded as an element of Ki {Mp^ ) © Ki {Mp^ ) . Then 

■nn+i{g) - Vnig) 

= {h2n+3{x2n+3.) - V'2n+2 (2^2n+2) " X2n+4,2n+2^2n+l (a;2n+l ) , 0) 

©(-V'2„+l(2^2„+l),0) 
= iX2n+3^2n+2{x2n+2) ^ X2ri+4,2n+2'*2ri+l (a;2n+l ) , 0) 

©(-^2n+2(a;2n+2) + X2«+2/l2«+l (•T2«+l ) , 0) . 

Thus (77,1) gives a well-defined homomorphism 77 : Ki(A)^E such that qi] = id. This shows that 77o(/3o/3i) = 0. 

Let Un = WnWn-2 ' ' '■ Wc take a path of unitaries in A (g) Af2 from z„j to Poi^nj) by composing the 
following two paths for even m > n: 

Vi{t) = Rt{l © Urn)Rt\znj © l)i?t(l © U*^)Rt^ 

and a short path V2 from Ad Um{znj) to /3o(z„j). For t G Ta v/e want to compute 

— / T[v{t)v{t)*)dt. 



2TTi 7o 

We know the contribution from vi is zero and the contribution from V2 is given by 

lim t{B{w*„,+2Ki+4 ■ ■■Ki+2k,Znj)) 



k — 'oo 

k 



— limT(^^ X%D2m+2i+2i'm+2iXm+2i,ni^]j))- 



i=l 
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Thus we obtain that 

oo 

-R/3o(b]) — -Px!L2m+2i+2V'm+2iXm+2i,7i(s?)- 
i=l 

A smiilar computation apphes to /3i. For an odd n we let ni ~ n — 1 lor computing tq — Rf3o{[v\) and let m = n 
lor computing the corresponding ri , and obtain that 

oo 
i=l 

~ (-^Xoo n+i+2'*n+«+lXn+i+l,n(^j ) ~ -^Xoo n+i+1 ''-n+iXn+i.n (^j )) 

i=l 

= <^xL«(e") - I?xSo„+i/»n+iXil(e"). 

Under the identification ol ifi(M/3Q^j) with Ko{A) © -f^^i(^) specified above, the above element corresponds to 
(— /i„+iX^(e"), [znj])- This imphes that Rpop^ satisfies the required properties. 

Let Q be the homomorphism ol OrderExt(ifi(A), iiTol^)) into ¥.yii{Ki{A), Kq{A)) defined by [(£', i?)] ^ [-B]. 
Then kerQ is the subgroup of the isomorphism classes ol (_Eo,i?ip) where Eq is the trivial extension Ki{A) ® 
Kq{A), and R^p : ii^o^Aff(TA) is determined by e Hom(i^i(yl), Afl(T^)) as in the previous proposition: 

: {a,b)^ D{a)+ip{b). 

Proposition 3 The following sequences of ahelian groups are exact: 

— >kerQ — >OrderExt(/Ci(A), isToCA)) Ext(ifi(A), Xo(^)) — >0, 
— >Hom(iv:i ( A) , ker D) — >Hom(Ki ( A) , if o (^) ) 
— >Ylow,{Ki{A), Afl(TA)) — > ker Q — >Q. 

Proof. For the first sequence we only have to show that Q is surjective. Given an extension 

— >Ko{A) — >E — >Ki{A) — >0, 

we regard Kq{A) as a subgroup ol E and have to extend D : _ft'o(^)— ^Afl(rA) to a homomorphism R : 
E^AE{Ta). This can be done step by step by using the lact that Alf(rA) is divisible. 

For the second sequence we only have to show that (Eq,R^) and {Eq,R^) are isomorphic il and only il 
If = ip + D o h lor some h G liom{Ki{A), Kq{A)). This follows because an isomorphism /i : Eq^Eq is given by 

H : {a,b) ^ {a + h{b),b) 

lor some h G llom{Ki{A), Kq{A)) with R^ o /i = R^. 

Theorem 4 Let A be a simple unital AT algebra of real rank zero, Inn(A) the group of approximately inner 
automorphisms of A, and Alnn(A) the group of asymptotically inner automorphisms of A. Then Alnn(^) is a 
normal subgroup of Inn(yl) and the quotient Inn(yl) /AInn(j4) is isomorphic to 

OrderExt (Xi (yl) , i^o (^) ) © Ext (if o (^) , (^) ) 

with isomorphism induced by fj. 

Proof. Before Theorem ^ we have described the homomorphism 

fj : h^{A)^OideiExt{Ki{A), Ko{A)) ®ExtiKo{A), Ki{A)), 

and showed in |^ that kerry — Alnn(A). By 3.1 ol we have shown that rj — (ryo, Vi) — {Qvqj Vi) is surjective 
onto Ext(iiri(A), Ko{A)) ©Ext(ifo(^), ifi(^)). By Proposition 4.1 we know that Ranger) contains kerQ, which 
shows that fj is surjective. This completes the prool. 
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Example 5 If A is the irrational rotation C*-algebra generated by unitaries u, v with uvu*v* = for some 

irrational number 9 S (0, 1), then A is a simple miital AT algebra of real rank zero by and Ki{A) = T? 
and hence Ext(i<ri(A), = 0. But since A has only one tracial state and Range L* = Z + (?Z, it 

follows that Hom(Xi(A), Aff (Ta)) = and OrderExt(i\:i(A), i4:o(A)) RV(Z + OTf which is isomorphic to 
Inn(A)/AInn(yl). Note also that HInn(A)=Inn(yl) in this case since the natural action on A exhausts all 
Order Ext. 

References 

[1] B. Blackadar, K-theory for Operator Algebras, MSRI Publication series 5, Springer- Verlag, 1986. 

[2] B. Blackadar, O. Bratteli, G.A. Elliott, and A. Kumjian, Reduction of real rank in inductive limits of 
C*-algebras, Math. Ann. 292 (1992), 111-126. 

[3] B. Blackadar, A. Kumjian, and M. R0rdam, Approximately central matrix units and the structure of 
non-commutative tori, K-Thcory 6 (1992), 267-284. 

[4] 0. Bratteli, G.A. Elliott, D.E. Evans, and A. Kishimoto, Homotopy of a pair of approximately commuting 
unitaries in a simple C*-algebra, J. Func. Anal, (to appear). 

[5] A. Connes, An analogue of the Thom isomorphism for crossed products of a C*-algebra by an action of R, 
Advance in Math. 39 (1981), 31-55. 

[6] P. de la Harpe and G. Skandalis, Determinant associe a une trace sur une algebre de Banach, Ann. Inst. 
Fourier, Grenoble 34 (1984), 241-260. 

[7] G.A. Elliott, On the classification of C*-algebras of real rank zero, J. reine angew. Math. 443 (1993), 
179-219. 

[8] G.A. Elliott, Classification of certain simple C*-algebras, II, preprint. 

[9] G.A. Elliott and D.E. Evans, The structure of the irrational rotation C*-algebra, Annals Math. 138 (1993), 
477-501. 

[10] R. Exel and T. Loring, Invariants of almost commuting matrices, J. Func. Anal. 95 (1991), 364-376. 

[11] A. Kishimoto and A. Kumjian, The Ext class of an approximately inner automorphism. Trans. AMS (to 
appear) . 

[12] M. Pimsner, Range of traces on Kq of reduced crossed products by free groups, in "Operator algebras and 
their connections with topology and ergodic theory" (Proceedings, Bu§teni, Rumania 1983), Lecture Notes 
in Math. 1132, Springer- Verlag, Berlin, Heidelberg, New York, 1985. 

[13] J. Rosenberg and G. Schochet, The Kiinneth theorem and the universal coefficient theorem for Kasparov's 
generalized K-functor, Duke Math. J. 55 (1987), 431-474. 



Department of Mathematics, Hokkaido University, Sapporo 060 Japan 
Department of Mathematics, University of Nevada, Reno NV 89557 USA 



20 



